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Stars in General Relativity
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Schwarzchild spacetime
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Black hole thermodynamics



The “third law” paradigm

“Extremal black holes are a physically inaccessible ideal limit”
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The third law is false!
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Back to Schwarzschild

[M.D.–Holzegel–Rodnianski–Taylor, 2021]



Could a similar statement hold for extremal black holes?

Back to Schwarzschild



Problem:  
the Aretakis instability



Weak stability
Nonetheless, in the case of extremal Reissner–Nordstrom 

we have weak stability results. 

In particular, we have boundedness and decay results away from the horizon:



It gets worse for Kerr: 
Azimuthal instabilities



For extremal Kerr, outside of axisymmetry,  
the only positive stability result is mode stability

Weak stability  
for extremal Kerr?

In particular, even for the scalar wave equation, 
the following most basic stability question remains open: 

Do solutions of  remain bounded  
in the exterior of subextremal Kerr?

□g ψ = 0



A stability conjecture?

[M.D.–Holzegel–Rodnianski–Taylor, 2021]



A stability conjecture?



vacuum equations
Kerr ainit 1

ainit

Kerr

Kerr

A stability conjecture?

Kerr



Let’s say that we believe the codimension-1 stability conjecture:  
For extremal Kerr and there exists a codimension-1 submanifold          .                   

of moduli space consisting of solutions asymptotic back to extremal Kerr. 

What does this submanifold                separate?

Kerr

A stability conjecture?
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Moduli space of spacetimes 
evolving from             

Spacetimes failing to  
collapse in domain of dependence

Spacetimes collapsing to subextremal 
black holes

Moreover, a sufficient condition to lie on the right hand side  
is the presence of a single trapped or marginally trapped surface.  
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Theorem. Extremal black holes occur at the threshold of black hole 
formation: There exist one-parameter families of initial data for the 
Einstein–Maxwell–charged Vlasov system interpolating between 
collapse and dispersion where the critical solution is a spacetime 
collapsing to an extremal Reissner–Nordström solution. 

1-parameter interpolating
family

Minkowski space

dispersing spacetimes

spacetimes collapsing to  
subextremal black holes

critical solution
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