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Setup: R ring , M iv. module with inwtution over R
,
i.e

.

• M is an RER module
,
z : Rq

,

R -> R!R flip isom.
• 6 : ME> JIM) Ö = id i.e. rtrxöslix) = ⑤ r) - RH)
• as R- module

,
M is f.g . prigectine ¢ RÄ Endplm)

Example :L ) Rcommutatire , Minvertibkobiect in (Modi , ie
.
a line bundle

• RXOR module str . through the mapR@Rm_zRlranktf.g.pwjeetive )
• any TE Endplon) of ander 2 e.g . IIDM

2) R ring with (anti) inwlution : . ii. ROPER
,
i -- id

,
EER

"

central with its) - E =L
set . M :-. R viewed as RXORÄRXR" module

• srfr) :-. E. ilr) eg . E. = ± t e.g. R
= (KG

,
i delermined by gt> wdgl.gr

')
for we : G -7 HH orientation char

.

Dejan : Let R be a ring , Mir. mod.eu/inv . over R
, Projl) = fingen . prj . R- module

• DM : PNJLRIPE> RNGIR) : Pt> Homplp, M) is the dnalitg an
. to M

.

b :P@P→ M

a. Hom
#R

(Pep, M ) = bilinear M- ralued forms on P ExerciseI : Show that M- ralned guadr .
ÜG : conjugak the flip action on Pep with r forms are egairakntly desciribed

" HT} by : a)biPxP-Msym.bilinaarsceHomp@RfP0P.MIcz= M- valued quadr. forms b) q :P→ Mez s.ch
.

×

% # GM - Imfsgm) = M- vahued even forms
° qlrxt-lrxrt.HN]

Xttlx)
÷ cflxty)

- GIN - fly) = fblxis)]
• Momper ( POP. M )

"
= M- rahued Gym . forms blxixtqlxttrlglx)

-
( b : PXOP →MIEII :P →Hom

,
M))

µ
• An M- valued gm. form is unimednlar if the ass . mop P DMP is an isom .

• PEPNJIR) n> hyplp) =/ PTODMP , ev ) is a gem .
M- ralued form Exercise 2 : Show that

animal
. hyplp ) is canonicauy a

-
• A sym . form b on P is called metabdic if I a lagrangian.ie quadrate: form .

( EP f.g.pnj.mbmoduks.lk. the
sequence bfh: O .

~

b

0 → L → P E- Dpp→Drin→ 0 is exact .

it Ib
, q ) is quadr . and L a Lagrangian for b

,
we sag that L is a quadr . lagrangian

if in addition qf , = 0 . Exercise 3 : . ht 14g ) be a quadr . form on P

Show : if I a quadr . lhgrangian L , den
1kg) E hypll) .

Hint : Wait till end of 2nd lecture

grün
• Show that not very metabdic form is hyperkdic



Exercise 4 : How that WYRM) and WGIRM)

Definition : R , M as before . are abelian group and show that

the gm. induaes a group kennen.

.WS/R;M)=fisom-classesofuninwd.M-raluedgm.formsgtO# metabdic form, >
MIRIM)→ WIR;M).

Hint : Show that - EP
,
b) = [B-b]

. WIR;M) = Gib"
Classes of unimod

.

M- valued quadr. Grins
'
⑦% quader . metabdic farms >

Notation : R wmm
,
M -- R

,
seid → WIR ;M) - WYR) WOTIR;D -- WAR)| r :- id n> WIR;MI -- W-

SIR) Wat (R ; M) = With)

Pep: Ka fidd. Then Wslk) is generated by forms <u> = (K, xiyt> a. xy ) for UEK
"

(et (Kb) be a gem .
bilinear form fyevtblx.ro } EIG5 : . Kjeld ,

charles # zPEI : f = Kerl blxr) :Kk) Show UTSIK) = 0 .

Assume JXEV s.lk blx ,x) = u # 0 .
Let v

'
= <xst

,
b
'
= blv , yeg-9fjrd.dosed.ks.vn

. K
"

K
"

gurjective
Check : (Kb) : < U > ⑤ (V:b ' ) . lnductirdy we get ⇒ Wslk) : 742

(Kb) : Suit .. ⑦ luk> ⑦ ( W, b' ) and BYX,) = OVXEW . Exercise 6: Suppechalkt-z.IW.li/s.lh.bYx,xI=0VxeW.8howW--O
.

To finish the proof , it sultica to how that [W, b ' ) --0 in WYK )
.

Fix + c-Wild
.
ht y be s.lk . blkigl-t.lt Ü = < x.g)

+

,
Ü = hifü .

Then {XIE ix.y > is a lagrangian .

⇒ [W ,b) =Üble WIKI . Now indnet ⇐

Definition : A Poincari a.cat . is a tupk ( 99 ) with
gnnjgrqgmmj.gs scheme

• 9 man Aable a- category eg . E. = Sp
"

,
DPIR)

,
ÄH )

,

• 9 :b" → Sp reduad
,
2- excisiue in part . Bo

,
IX.9) = cotib ( 941*9191-794+091) is symmetrie bilinear(9101=0 ) hcz

s.tn . Bo
, Hin = map, IX. Des ) for some duahty qairakna Dg : 99-76 (GByte (Cat! )

Definition : R ,Mas in the beginning .

A Poincai structure

+ perfecf Wmpkxes on R

9 : DPIR)→ Sp is called compatibhe with M this means that the cross effect Bo
,

it Do
,
= Dm = mappnf , M) : alpine, an

.

dt ! " Sinn } Hielt> Map (Xxoy , m ) .



Fast : reduad
,
2 excisive lunctors an dassified by their Cross - efled. By and their excisire approximation Lo

,

Czaehbn
mapp.ae/XeXiMIeg-9lXI-LqH)=mapp/X,N ) !

Ex : Condor u 6 : M→ M
H Männer / ! !

✓

mappe.pe/XxOX.MIngn-mapR+oRlXxOXiM )
"?
- mapp.cn/Xx0X,MItGZmappIX,Mt" )

Norm µ
!! „ !!

q! Gm. % (x) classification of linear lexcisiue) functor BIRTE> § .

R module Ar. on ME is via the Tate - Diagonal R→LRXORF
"

D

(Onseguently , for RM as always , compatibhe Reinere structures on DPIR) am described by
• an R - module N

,
and ey .

. N =D ⇒ 9!
• N> Mtk, a--id ⇒ 9L

a

• an R- linear map N → Mt"
.

• N = -↳MMTG ,
a can . ⇒ 97mm

Exercise 7 : Show that for PE Pnj (R) we have Eid
- ⑤ R 6mm

,
M-_ R

,
N=R

,
a- Frobenius

. 9 ( P ) = Hom
a (PEP, M)

"

y ⇒ q = 0,8 an> (RentüRts ⇒ 9
M

9 = 997 a- id

- 9 ( P ) = Momper (Pop, MIC, M ° Rwmm
. MR. N -- ↳„Rt

"
= - R
"
xp,zR

⇒ cfb
R

. 9) (2) = Burnside ring of Cz .

Definition : the grau Fmlb , ! ) of forms on (991 is the gwupoid core of ! RT : ein> Spe

ie
. the collection of pairs Hit ) will X Eh fe ÄHM .

←
Ex
'
: conor this mep .

such a pair is called a Poincae object if of# : XE> Dyx is an eguivabna .

letpnl991.fm/99 ) be all components whose objech are Poincae .

Definition: A lagrangian of a Poineae obieet IX. q ) wnsists of a pair ( Lig ) when

f
⑦ L → X is a map and

*
in this are (X. q) is called metallic

.

•

g : FG) - o ni n°914 SEIN
[→ XE Dyx

such that the induced diagram ! p!, is a pullbaek .

Exercise 8 : 1) 4199 ) is a group
Definition : 41991=19"" dans of 2) the Nation IX.qlu (Hg ' ) ÄRinfafq;)" s

⑦#metabolicobfectsslxtoxl.ge-q' ) is metabdic is

B) toll, 9) =L-group defined a wngmence relation ( ie. an eguir.
by Yonatan . relation wmpatible wl ⑦ ) .



Nextgoal : Dehne an L- theory space 499 ) and describe the higher L- group
W

Observation : IX. g) ulkig ' ) HD 7 diagram of the shape L )
X X

'

%
W
)

,

t Y : ÄHI - f- ' * Iq ' ) e- SEIN ) D; " ¥.

→ ←
Dyw

X X s.lk
. a non - degenerag condition is satisfied : the quai) should be

a pullbaek .

Definition : ht 9,9 ) be a Poincani a- category . Define

Cat! zgnl!! ) = [ Funin", b) ,
Funk:P

,
e)
"
= Fantin

,
ei ) Funk

, sp ) sp )
→

I.= poset of non- empty faces
of Ä - g.lag ) (I. = . →←. ) GH) → 9k ' )
Yong!!-s "

e.g . f. 1491 = ⑨9) and f)991 ha, objects :

④¥! + t = !
1)→ Kw)

Fact : Poincani objects of gelb, 9) E Lagraagian in Helge -q
'

) = : cobordisms between Hq) and (X! q ' ) .

Proposition: there is a puncto ÄPX Cat! → Cat! sending (In], 19911 to gelb. ) .

In addition
, all Simpl. fan maps geteilt gn.ee/h9IanegditPoineai-Verdierpwjections .

Definition: L: Cats - Spe is the geometrie realisation of Pntt-MapcaslspTTI.tt Cat! is

1 pm additive .

In] ← pnlgnle.ie ) Pnleil is an Ea- space for all 9,91 → Hein is

also an Ea- Space
Exercise 9 : Show that F. 499) = 41991 .

Deduce that 499) is a group like Its space and here a wnnective spectrum
Exercise to : Show that I Film Fmlgnlei) is wntractibk

.

-

Hin : use extension by 0's to define an extra degeneracy .


