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Ulam stability

e General question (Ulam '41): Is every approximate homomorphism

I' > G close to a homomorphism?

@ The answer depends on:
> The groups I' and G.
> What is “approximate”?
» What is “close”?



Stability of approximate unitary representations

@ An amenable group I'.

@ A Hilbert space H.

@ A continuous function f: T' — U (H).
@ §<1/200.

Theorem (Kazhdan '82)
If

sup [If (y1v2) —f (Y1) f (¥2) llop <6
Y1,Y2€l

then there is a representation h: T' — U(H) such that

sup|lh(y)=f(y)llop <26 .
yell




Distance between permutations

Instead of U(n) and || |lop, we consider Sym (n) and:

The normalized Hamming metric:

dH(O',T): %|{xe [n]|o(x) #7(x)}| VYo,7r€Sym(n),

where [n] ={1,...,n}.




Stability of approximate actions

© The uniform local defect of f: T'— Sym (n):

defo (F) = sup {d" (f (y1y2).f (y1) f (72))} .

v1,y2€l

@ The uniform distance between f,h: T' — Sym (n):

doo(f,h):sule{dH(f(y),h(y))} :
ye




Stability of approximate actions
Definition
© The uniform local defect of f: I' — Sym (n):

defo ()= sup {d" (f(y172).f (y1) f (72))} .

v1,y2€l

@ The uniform distance between f,h: I' — Sym (n):

doo(f,h)=sug{d”<f<y),h(y)>} :
Y€

A\

Theorem (Glebsky—Rivera '09)

IfT is finite and f: T" — Sym(n) then there is a homomorphism
h: T' — Sym(n) such that

de (h,f) < Cdef, (f) ,

where C depends only on T (and not on n).
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Theorem (Glebsky—Rivera '09)

IfT is finite and f: T" — Sym(n) then there is a homomorphism
h: T'— Sym(n) such that

de (h,f) < Cdef, (f) ,

where C depends only on T (and not on n).

@ Question (Lubotzky '18): Is it true for I' =77

@ Question: Can we replace C by a universal constant?

@ Answers: No and No.



An instability result

Theorem (B—Chapman '20)

IfT acts transitively on [n] ={1,...,n} then there is f :T — Sym(n—1)
such that

def, (f) < % (1)

but 1 1
de (h,f) > 5=

n-1

for every homomorphism h: I' — Sym(n—1).




An instability result

Theorem (B—Chapman '20)

If T acts transitively on [n] ={1,...,n} then there is f : T — Sym(n—-1)
such that

def, () < % (1)

but 1 1
deo (h,f) 2 5= — (2)

for every homomorphism h: I' — Sym(n—1)

Proof
Let

| A

transitive

f:I — Sym(n)—>Sym(n 1),

where res,, (o) x = {O- (x) T () #n for x e [n—1]. O
o(o(x)) o(x)=n
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A relaxed question: Is every approximate homomorphism

f:T"— Sym(n) close to a homomorphism h: I" — Sym (N), where N is
only slightly larger than n?



Flexibility in the number of points

A relaxed question: Is every approximate homomorphism
f:T"— Sym(n) close to a homomorphism h: I" — Sym (N), where N is
only slightly larger than n?

Theorem (Gowers—Hatami '17, De Chiffre-Ozawa—Thom '19)

IfT" is amenable, f: T"— U(n), 6 >0 and

lf (y1y2) = f (y1) f (¥2) lhs <6 Vy1,72€T

then there is a representation h: T — U(N) and an isometry T: C" — CN
such that
lh(y) =T f(y) Tllhs <2116 Vyel

and

n<N< (1+250052) n.

1AlIhs = (2tr (A*A)"? for A€ U (n)



Flexibility in the number of points

A relaxed question: s every approximate homomorphism
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Definition

For o € Sym(n) and 7 € Sym(N), n< N,
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d" is a metric on [[,c Sym(n).



Flexibility in the number of points

A relaxed question: s every approximate homomorphism

f:T"— Sym(n) close to a homomorphism h: I" — Sym (N), where N is
only slightly larger than n?

Definition

For o € Sym(n) and 7 € Sym(N), n< N,

d" (o, 7) =dH(T,0)=%(|{X€ [n] lo(x) #T(X)}H+(N=n)) .

d" is a metric on [[,c Sym(n).

Definition

For f: T'— Sym(n) and h:T" — Sym (N),

deo (f, h) = su?{d” (F(y),h(y)} .
ye




Question (Kun-Thom '19)

o A finite group I
@ A function f: ' — Sym (n).
Is there a homomorphism h:T" — Sym (N) such that

do(h,f)<e and n<N<(l+é&)n,

where:
@ & depends only on defy, (f).
@ ¢ >0 asdef,(f) > 07




Question (Kun-Thom '19)

@ A finite group T".
@ A function f: " — Sym (n).
Is there a homomorphism h:T" — Sym (N) such that

do(h,f)<e and n<N<(l+g)n,

where:
@ & depends only on defy, (f).
@ ¢ —>0asdefy,(f) 07

Answer (B-Chapman)

Yes, and
@ Only assume that T" is amenable,
@ & <2039def (f).




Theorem (B-Chapman)

Let T" be an amenable group and f: T'— Sym(n). Then there is a
homomorphism h:T — Sym(N) such that

deo (h, f) < 2039defs (f) and n< N < (1+1218defs () n.




Theorem (B-Chapman)

Let T" be an amenable group and f: T'— Sym(n). Then there is a
homomorphism h:T — Sym(N) such that

do (h, f) < 2039defs, (f) and n< N < (1+1218defi (f)) 1.

Sketch of proof.

o Consider the graph X =(V,E):
» V=[n].
> E:{xlﬁ(y))dxe V,yEF}.
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o Consider the graph X =(V,E):
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Theorem (B-Chapman)

Let T" be an amenable group and f: T'— Sym(n). Then there is a
homomorphism h:T — Sym(N) such that

do (h, f) < 2039defs, (f) and n< N < (1+1218defi (f)) 1.

Sketch of proof.
o Consider the graph X =(V,E):
» V=[n].
» E= {xlﬁ(y))dxe V,yeF}.

@ Let m be a finitely-additive left-invariant probability measure on T'.
@ Assign weights to edges:
. W(fo(y)x) =m({teT|f(O)f (" y)x=F()x}).

@ Use the weights to find a large structured subgraph of X
(a groupoid).




Theorem (B—Chapman)

Let f: SL,Z — Sym(n), r = 3. Then there is a homomorphism
h: SL,Z — Sym(N) such that

dw (h,f) < Cdefs, (f) and n< N < (1+Cdefy,(f))n,

where C depends only on r.
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Let f: SL,Z — Sym(n), r = 3. Then there is a homomorphism
h: SL,Z — Sym(N) such that

de (h,f) < Cdef, (f) and n< N < (1+Cdef,(f))n,

where C depends only on r.

Sketch of proof (following a method of Burger—-Ozawa—Thom).

@ Let U be the subgroup of upper triangular matrices.

@ Use the previous theorem on f |y
+
Witte-Morris—Carter—Keller—Paige bounded generation

U

f almost vanishes on a finite-index subgroup A<SL,Z.




Theorem (B—Chapman)

Let f: SL,Z — Sym(n), r = 3. Then there is a homomorphism
h: SL,Z — Sym(N) such that

de (h,f) < Cdef, (f) and n< N < (1+Cdef,(f))n,

where C depends only on r.

Sketch of proof (following a method of Burger—-Ozawa—Thom).

@ Let U be the subgroup of upper triangular matrices.

@ Use the previous theorem on f |y
+
Witte-Morris—Carter—Keller—Paige bounded generation

U

f almost vanishes on a finite-index subgroup A<SL,Z.

@ Use the previous theorem on the finite group SL,Z/A.




Approximate homomorphisms away from homomorphisms

Theorem (B—Chapman)

Let T" be a group that surjects onto a nonabelian free group. Then there is
a sequence of functions

k— o0

fx: T = Sym(nk), nx — o

such that
defy, (f) <

x| N

but -
dso (hk,fk) >1- E

for every homomorphism hy: I' — Sym (Ny) for all Ny > ny.




Approximate homomorphisms away from homomorphisms

Theorem (B—Chapman)

Let T" be a group that surjects onto a nonabelian free group. Then there is
a sequence of functions

k— o0

fx: T = Sym(nk), nx — o

such that 5
defy, (f) < P

but -
dso (hk,fk) >1- E

for every homomorphism hy: I' — Sym (Ny) for all Ny > ny.

@ Proof idea: An explicit construction, partly inspired by Rolli's
quasimorphisms.



Uniform stability (as studied in the previous slides):
Given (fi: I' = Sym (nk))%._; such that

k—o00
sup d" (fi (y1y2), fi (y1) fi (y2)) — 0,
v1,y2€l

is there a sequence of homomorphisms (hx: I' = Sym (Ni));.; such that

k—oo
supd” (hk (¥),fi (y)) — 07
yell

Pointwise stability (studied a lot in recent years):
Given (fi: I' = Sym (nk))y_; such that

k— o0
d" (fc (y172) . ik (71) fu (72)) — 0 Vy1,y2 €T,

is there a sequence of homomorphisms (hy: I' = Sym (Nk))\; such that

k— o0
d" (hk(¥).fc(y)) — 0 VyelI?




Property testing
Let I" and G be finite groups.

Theorem (Ben-Or—Coppersmith—Luby—Rubinfeld)

If f: T"— G disagrees with every homomorphism I' — G on at least ¢ |T'|
elements, € <1/3, then

Pr  (f(yiy2) #f(y1)f(y2) 2 ¢/2.
(y1,72) €I'xI’

For @ > 0, repeat the test w times to increase the rejection
probability to 1 —a.
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Property testing
Let I" and G be finite groups.

Theorem (Ben-Or—Coppersmith—Luby—Rubinfeld)

If f: T'— G disagrees with every homomorphism I' — G on at least £ |I'|
elements, € <1/3, then

(f()/n’z) #f(y1)f(y2) 2¢/2.
(71, 72)EF

For @ > 0, repeat the test w times to increase the rejection
probability to 1 —a.
What if G=Sym(n) and n is very large?

Theorem (B—Chapman)

If f: T — Sym(n) satisfies f d" (f (y),h(y))dm(y) > & for every
homomorphism h: T' — Sym(N), N > n, then

Pr (f (y1y2)x # f (y1) f (y2) x) 2 £/2913 .
(71,¥2,x) ELXIX[n]




Thank you for your attention!



